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Quantum dissoiation of an edge of a Luttinger liquid
Eugene B. Kolomeisky and Mihael Timmins
Department of Physis, University of Virginia, P. O. Box 400714, Charlottesville, Virginia 22904-4714
In a Luttinger liquid phase of one-dimensional moleular matter the strength of zero-point mo-
tion an be haraterized by dimensionless De Boer's number quantifying the interplay of quantum
utuations and two-body interations. Seleting the latter in the Morse form we show that dissoi-
ation of the Luttinger liquid is a proess initiated at the system edge. The latter beomes unstable
against quantum utuations at a value of De Boer's number whih is smaller than that of the bulk
instability whih parallels the lassial phenomenon of surfae melting.
PACS numbers: 68.65.-k, 61.46.+w, 71.10.Pm, 05.30.-d
A lassial three-dimensional solid melts through a
rst-order transition at a temperature when the free en-
ergies of the solid and liquid phases oinide. At su-
iently low temperatures quantum eets dominate and
a quantum solid an melt due to zero-point motion [1℄.
The most urious feature of lassial melting is the dif-
ulty in overheating the solid while superooling the liq-
uid is easy. The latter is expeted for the rst-order tran-
sition while the former is explained by the phenomenon
of surfae melting: often, as the bulk transition is ap-
proahed, the melting begins at the free surfae of a solid.
The surfae melting is well-doumented experimentally,
and phenomenologially it an be viewed as a wetting of
the solid by its own melt [2℄.
A well-understood example of surfae melting of a
quantum solid is that of the edge melting of the two-
dimensional Wigner rystal in a strong magneti eld [3℄
The goal of this note is to point out that stritly one-
dimensional matter with a free edge an also exhibit an
analog of surfae melting. Fundamentally this happens
beause the edge represents a zero-dimensional system
subjet to stronger quantum utuations than the one-
dimensional bulk. Due to broken translational symmetry,
zero-point motion modies the ohesive properties of the
edge dierently from those of the bulk.
Experimentally one-dimensional matter an be real-
ized in arbon nanotube bundles [4℄. The latter an
play a role of one-dimensional hosts for foreign partiles
that an nd themselves bound in the interstitial han-
nels or inside the tubes [5℄. Additionally one-dimensional
atomi hains an be onstruted on seleted templates
with the help of sanning tunneling mirosopy, or via
self-assembly of the deposited material of the hain [6℄.
Consider a many-body system of idential partiles of
mass m with pairwise interation V (h) orresponding to
the moleular matter [7℄: at large interpartile separation
h the interation is dominated by weak rapidly deaying
van der Waals attration, while at short distanes there is
a strong overlap repulsion . As a result, the pair potential
V (h) has an asymmetri minimum at some intermediate
h. Assume that the pair potential is of the form
V (h) = ǫU(h/l−Q0), (1)
where ǫ is the energy sale of the potential, l is the po-
tential range, Q0 is a dimensionless parameter, and U(y)
is a funtion ommon to a family of substanes. With
this hoie the quantum theorem of the orresponding
states [8℄ holds stating that every property measured in
appropriate dimensionless units is only determined by the
funtion U(y), partile statistis and De Boer's number
λ0 =
~
πl(2mǫ)1/2
, (2)
measuring the intensity of zero-point motion.
The possibility of several bulk phases in the system
translates into the orresponding number of the branhes
of the energy as a funtion of λ0; the lowest of them
singles out the ground state of the system. When two
energy urves ross, the ground state hanges via a rst-
order phase transition. For suiently large λ0 and zero
pressure the ground state must orrespond to individual
partiles innitely far apart from eah other. This is a
monoatomi gas whih will be hosen as the zero refer-
ene point for the energy.
In what follows we selet the pair interation potential
in the Morse form [9℄:
V (h) = ǫ(e−2(h/l−Q0) − 2e−(h/l−Q0)), (3)
where ǫ is the depth of the potential well and Q0 is
the loation of the minimum of (3) measured in units of
the potential range l. Similar to the appliations of the
Lennard-Jones potential to laboratory moleular systems
[7℄, the only reason behind this hoie is the possibility
of analyti progress. Morse parameters for a series of
moleular substanes and orresponding De Boer's num-
bers (2) were omputed in Ref.[10℄. Hereafter the energy
and length sales will be measured in units of ǫ and l, re-
spetively. As appropriate for moleular substanes, we
restrit ourselves to nearest-neighbor interations.
In the lassial limit, λ0 = 0, the ground state of the
system is a rystal; its quantum ounterpart for su-
iently small λ0 is a Luttinger liquid [11℄ whose properties
have been omputed in Ref.[10℄ as follows:
The length of any bulk bond h as a funtion of imag-
inary time τ is viewed as a quantum-mehanial degree
2of freedom subjet to the external potential V (h). This
bond joins together two half-innite segments represent-
ing the rest of the system, the bath. After the bath
is approximated by a harmoni liquid, the latter an be
integrated out away from the anharmoni bond leading
to a problem of the Caldeira-Leggett type [12℄. The lat-
ter has been analyzed by a ombination of variational
and renormalization-group tehniques, and it has been
demonstrated that the approximation is a ontrolled way
of dealing with the interplay of zero-point motion and
anharmoniity of the two-body interation [10℄. Similar
onsideration applied to the edge bond of a half-innite
Luttinger liquid leads to the Eulidian ation of the form
Sedge =
ρc
8
∫
|ω|<ωD
dω
2π
|ω||h(ω)|2 +
∫
dτV (h), (4)
where ρ and c are the mass density and sound veloity,
respetively, and h(ω) is the Fourier transform of the
bond-length eld; the frequeny uto is given by the
Debye frequeny ωD.
The ρc|ω| form of the kineti energy term of the ation
(4) an be understood by notiing that if the bond length
osillates with frequeny ω, then during one osillation
period 2π/|ω| this disturbane propagates in the bulk a
distane of order c/|ω|. Thus the usual kineti energy
density, proportional to ρω2 should be multiplied by the
size of the region c/|ω| aeted by the motion.
The alulation of the properties of the edge of a Lut-
tinger liquid proeeds through the appliation to the a-
tion (4) of Feynman's variational priniple [13℄ whih
states that for any trial ation S0 with assoiated ground-
state energy E0, the system's true ground-state energy is
bounded above by E0 + (T/~) < S − S0 >0 where the
zero-temperature limit T = 0 is taken at the end and
<>0 denotes an expetation value omputed with S0.
Similar to the bulk problem [10℄ the trial ation is se-
leted in the Gaussian form
S0 =
ρc
8


∫
|ω|≤ωD
dω
2π
|ω||h(ω)|2 + γωD
∫
dτ(h −Ql)2

 ,
(5)
where dimensionless variational parametersQ and γ have
a meaning of the bond length and its stiness, respe-
tively. Then the root-mean-square (rms) utuation of
the bond length an be omputed as
< f2 >
1/2
0 edge= 2λ
1/2 ln1/2(1 + γ−1), (6)
where
λ =
~
πρcl2
(7)
quanties the strength of zero-point motion in the Lut-
tinger liquid. The binding energy of the edge partile
Eedge is approximated by E0 + (T/~) < S − S0 >0, i. e.
by its upper bound:
Eedge(γ,Q) = (πλ
2
0/λ) ln(1 + γ)− 2eQ0−Q(1 + γ−1)2λ
+ e2(Q0−Q)(1 + γ−1)8λ (8)
Minimizing Eedge with respet to Q we arrive at the ex-
pression for the quantum expansion of the edge bond
Qedge −Q0 = 6λ ln(1 + γ−1) (9)
Substituting this bak into (8), Eedge an be written as
Eedge(γ) = (πλ
2
0/λ) ln(1 + γ)− (1 + γ−1)−4λ (10)
Minimizing Eq.(10) with respet to γ, and substituting
the outome bak into (10) we nd
γ = (4λ2/πλ20)(1 + γ
−1)−4λ (11)
and
Eedge = (πλ
2
0/4λ
2) (4λ ln(1 + γ)− γ) (12)
respetively. The results (6), (9), (11), and (12) should
be ompared with their bulk ounterparts [10℄:
< f2 >
1/2
0 bulk= (2λ)
1/2 ln1/2(1 + π/2), (13)
Qbulk −Q0 = 3λ ln(1 + π/2), (14)
λ0 = λ(1 + π/2)
−λ
(15)
Ebulk = (1 + π/2)
−2λ (πλ ln(1 + 2/π)− 1) (16)
Substituting Eq.(15) bak in Eqs.(11) and (12) brings
them into a form onvenient for analysis
γ = (4/π)(1 + π/2)2λ(1 + γ−1)−4λ (17)
Eedge = (π/4)(1 + π/2)
−2λ (4λ ln(1 + γ)− γ) (18)
The properties of the edge as a funtion of the quantum
parameter λ (7) an be omputed by nding a solution
γ(λ) to Eq.(17) minimizing the energy (18) and substi-
tuting the outome in the expressions for the rms u-
tuation (6) and quantum expansion (9); the dependene
on De Boer's number (2) follows from Eq.(15).
In the lassial limit, λ→ 0, the only solution to (17) is
γ = 4/π with the energy (18) Eedge = −1 as expeted. As
the degree of zero-point motion intensies (λ inreases),
the bond stiness γ dereases and the energy Eedge in-
reases. For nite λ Eq.(17) may have more than one
solution. One of them is always γ = 0 orresponding to
the deloalized edge partile. For large λ this solution
must orrespond to the lowest (zero) energy (18).
3For γ ≪ 1 the right-hand-side of Eq.(17) behaves as
γ4λ while for γ →∞ it approahes a γ-independent limit,
thus implying that (17) annot have more than three so-
lutions and that λ = 1/4 plays a speial role.
For 0 < λ ≤ 1/4 Eq.(17) has two solutions and the
larger of them (whose λ = 0 limit is γ = 4/π) orre-
sponds to the lowest energy (18). For λ = 1/4 the expliit
solution to (17) is γ = (4/π)(1 + π/2)1/2 − 1 ≃ 1.0415
As λ inreases beyond 1/4, Eq.(17) aquires a third
root whose λ → 1/4 + 0 limit is γ = (π/4(1 +
π/2)1/2)1/(4λ−1) → 0. However this solution leads to
a larger energy (18) than even the deloalized solution
γ = 0. The lowest energy (bound) state ontinues to be
desribed by the largest solution to (17).
As λ ontinues to inrease, the nite solutions to (17)
approah eah other and at some λ they oalese. This
is a ritial phenomenon orresponding to the limit of
stability of the bound edge. At that point the slopes of
the right- and left-hand-sides of Eq.(17) oinide whih
leads to the limiting values γ ≃ 0.4920 and λ ≃ 0.3730
satisfying the relationship γ = 4λ−1. At larger values of
λ Eq.(17) has only one solution γ = 0 orresponding to
an unbound edge. The transition between the bound and
unbound states atually happens before the limit of sta-
bility is reahed, namely when the energy (18) vanishes.
Numerial analysis shows that it happens at λ ≃ 0.3412.
This is lose to the limit of stability thus implying that
the edge deloalization is a weak rst-order transition.
The results of the analysis are summarized in Fig. 1
where we show the bond stiness γ and the edge bind-
ing energy Eedge as funtions of the quantum parameter
λ. The metastability develops in the 1/4 ≤ λ ≤ 0.3730
range: for λ < 0.3412 the bound edge has lower energy
while for λ > 0.3412 the ground state orresponds to a
deloalized edge partile.
These onlusions should be ontrasted with the prop-
erties of the bulk Luttinger liquid. Its range of exis-
tene is given by [10℄ 0 < λ ≤ 1.0591 (or equivalently
0 < λ0 ≤ 0.3896) whih is the ondition that a solution
λ(λ0) to Eq.(15) an be found for given De Boer's num-
ber λ0 (2). Therefore in the 0.3730 < λ ≤ 1.0591 range
the bulk Luttinger liquid is stable against the disorder-
ing eet of quantum utuations while the edge is not.
This is due to the stronger softening eet that zero-point
motion has on the free edge as ompared to the bulk of
the system. The diret evidene of this is presented in
Fig. 2 where we show the quantum expansion and rms
utuation of the bulk and edge bonds as funtions of
the quantum parameter λ (7) within their orresponding
ranges of existene. The quantum expansion in the bulk
(14) is a linear funtion of λ while the edge bond expands
faster than linearly beause the bond stiness γ entering
the argument of the logarithm in (9) is a dereasing fun-
tion of λ as shown in Fig. 1. Sine the γ(λ) dependene
is not very strong one an say that the edge expansion is
roughly twie the bulk value as suggested by the ratio of
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Figure 1: Dimensionless stiness of the edge bond γ and
orresponding binding energy of the edge partile Eedge of
a half-innite Luttinger liquid as funtions of the quantum
parameter λ (7). The region of metastability is onned to
the 1/4 ≤ λ ≤ 0.3730 range.
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Figure 2: (Color online) Quantum expansion Q−Q0 and rms
utuation of the bulk and edge bonds as funtions of the
quantum parameter λ (7). The rms utuation is shown both
as the vertial extent of shaded regions entered around the
quantum expansion urves, and expliitly in the inset.
pre-logarithmi fators in Eqs.(9) and (14). This an be
understood by notiing that any bulk bond joins two half-
innite Luttinger liquids thus implying that its dynamis
is twie as inertial as that of the edge. In this sense zero-
point motion at the edge is about twie as strong as that
in the bulk. The same argument explains why the edge
rms utuation is roughly square-root of two larger than
its bulk ounterpart (ompare Eqs.(6) and (13)).
In desribing the dynamis of the edge bond the rest of
the system was approximated by a harmoni liquid with
the bulk properties whih means that the bond adjaent
to the edge has the length and rms utuation idential
to those in the bulk. This is an artifat and in reality, as
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Figure 3: The dependenes of the energy per partile for var-
ious bulk phases of the system on De Boer's number λ0 (2)
together with edge binding energy. The arrow pointing down
is the dimer dissoiation threshold.
one goes inside the bulk, the bond lengths and their rms
utuations derease approahing the bulk values asymp-
totially. This deieny would be aeptable provided
the alulated length of the edge bond and its rms utu-
ation are not very dierent from their bulk ounterparts.
Sine for moleular matter with pair interation potential
of the Morse form the lassial bond length satises the
ondition Q0 & 5 [10℄, inspetion of Fig. 2 shows that
even at the limit of its stability the length of the edge
bond and its rms utuation do not exeed their bulk
ounterparts by more than an aeptable 25%.
Moreover, the relative utuation < f2 >
1/2
0 edge /Qedge
is always signiantly smaller than unity whih implies
that our onlusions are weakly sensitive to the statis-
tis of the underlying partiles and that the deienies
of the Morse potential in mimiking the true pair in-
teration at largest and shortest distanes are ignorable.
The latter allows us to argue that the edge dissoiation
pre-emting the bulk instability is a general property of
one-dimensional moleular matter.
In order to gain an insight into the onsequenes of this
eet in Fig. 3 we plot the ground-state energy per par-
tile of the bulk Luttinger liquid (given by Eqs.(15) and
(16)) and the binding energy of the edge partile (de-
termined through Eqs.(15), (17), and (18) as funtions
of De Boer's number λ0 (2). Additionally we show the
ground-state energy per partile for an innitely diluted
gas of Morse dimers, Edimer(λ0) = −(1/2)(1−πλ0/
√
2)2
[9℄. The bold parts of the urves desribe the ground
states of the bulk matter: as De Boer's number inreases,
at λ0 ≃ 0.3365 the Luttinger liquid evaporates via a
disontinuous transition into a gas of dimers followed
by a ontinuous dissoiation transition at λ0 =
√
2/π
into a monoatomi gas [10℄. For a system with a free
edge the binding energy of the edge partile Eedge an
beome smaller than its dimer ounterpart Edimer : for
λ0 & 0.1981 the whole Luttinger liquid omes unraveled,
two partiles at a time despite the fat that the bulk on-
densed state is energetially favorable. Sine our bulk
and edge binding energies are variational upper bounds,
in atuality the dimer gas may not ome into play; its
role then will be played by the monoatomi gas.
If the esape of the edge partiles to innity is impos-
sible due to a distant obstale, this will generate a vapor
pressure and the bulk Luttinger liquid may oexist with
a gas of partiles. As λ0 inreases toward the point of the
bulk transition, dissoiation proeeds inside the bulk in a
manner similar to that in surfae melting [2℄. We hasten
to mention the speulative harater of the statements of
this paragraph whih we plan to larify in the future.
The examples of one-dimensional matter with dissoi-
ated edge and stable bulk, 0.1981 < λ0 < 0.3365, inlude
H2 and D2 in free spae, and more ases an be found in
the presene of a medium [10℄.
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